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1. Introduction
In a paper by Bunke and Kriele [2], the authors showed that any complete non-compact oriented surface M2 in R3 of
positive curvature outside a compact subset, the following integral estimate holds
∫
M2
H2 dμ2 = ∞
(where μ2 is the area element of M2) (see [2]).
Subsequently, P.F. Leung [5] and the second author managed to prove a similar result using a deep result of Brian White
[12] on the quantization of total Gaussian curvature for surfaces of ﬁnite total curvature in the Euclidean 3-space.
The next natural question would be whether it is feasible to generalize the Bunke–Kriele theorem to higher-dimensional
cases.
To establish such possible generalizations, at least the following two approaches are available. The ﬁrst one is the original
approach of Bunke and Kriele [2], the second one is the approach of Leung and Cheung [5]. The second approach seems
formidable, because it relies on a theorem of White [12] which in turn depends essentially on the fact that the surface is
two-dimensional. At present, we do not know whether it is possible to generalize White’s theorem to higher dimension or
not.
The starting point of this paper is a reconsideration of the Bunke–Kriele proof to higher dimension following their
original line of thought. When read carefully, it turns out that several key steps in the paper of Bunke–Kriele can be
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parametric way in order that comparison of different curvatures is more accessible. And this is made possible by a theorem
of Wu, proved in the seventies [14] (see also [1,6]), about hypersurfaces in the (n + 1)-dimensional Euclidean space having
positive sectional curvatures.
Our main result is the following:
Theorem. Let Mn be a complete non-compact n-dimensional hypersurface in Rn+1 with positive sectional curvatures. Then∫
Mn |H|n dμn = ∞.
To establish this, motivated by Bunke–Kriele, we pursue the following steps: (i) apply Wu’s theorem to derive the fact
that the hypersurface is a graph, (ii) ﬁx the absolute minimum point on this hypersurface and consider the hypersurface as
a graph over the tangent plane (which is the supporting plane) at the point, (iii) erect a cone perpendicular to this plane
and with vertex at the absolute minimum point, (iv) consider level sets of this hypersurface as well as the cone, (v) compare
their mean curvatures.
Before we proceed, we need to state Wu’s theorem.
Theorem. Let Mn be a complete non-compact n-dimensional hypersurface in Rn+1 with positive sectional curvatures. Then Mn is the
boundary of a non-compact convex body, which is the graph of a strictly convex function over some convex subset of Rn.
Remark. Strict positivity of the sectional curvatures leads to strict convexity of the deﬁning function.
2. Preliminaries on convex functions
By Wu’s theorem, Mn is the graph of a strictly convex function f deﬁned over a convex set K ⊂Rn , i.e.
Mn = {(x1, x2, . . . , xn, xn+1) ∣∣ xn+1 = f (x1, x2, . . . , xn), where (x1, x2, . . . , xn) ∈ K}.
In the sequel, we use x, y to denote vectors in Rn for simplicity.
Since f : K → R is strictly convex, it has a unique minimum point which we can assume without loss of generality to
be at the origin, i.e. f (0) = 0.
Next, we have to mention several simple results which describe the geometric behavior of the hypersurface Mn .
Lemma 2.1. If f is a convex function from a convex set K ⊂Rn to R, then for each pair of points x, y ∈ K with x = y, we have
D f (x)(y − x) f (y) − f (x),
i.e. f (y) Df (x)(y − x) + f (x).
Proof. The convexity of f implies that the Hessian matrix of f is positive deﬁnite. Now the ﬁrst order Taylor expansion
yields the required result. 
Remark. In the case when f is a strictly convex function, the strict inequality holds whenever x = y.
We also have the following simple lemmas. Without loss of generality, suppose that the unit sphere Sn−1 is a subset
of K .
Lemma 2.2. For each x ∈ Sn−1 , let tx = dist(x, ∂K ). Then both g(t) = f (tx) and g′(t) = Df (tx)x are strictly increasing functions on
R
+ and g(t) → +∞, g′(t) → +∞ as t → 1+ tx.
Proof. There are two cases to be considered. We consider only the case tx < ∞. The remaining case is similar.
First we prove g(t) → +∞ as t → 1+ tx . Take any x on the unit sphere Sn−1. The curve γx on the hypersurface deﬁned
by xn+1 = f (tx) (where t ∈ [1,1+ tx)), is a divergent curve in the sense of Osserman, hence its length L(γx) is unbounded.
If now f were a bounded function, then the length of the convex curve γx would be bounded, leading to a contradiction.
Hence f is unbounded.
Next, g′(t) is also unbounded, because if that is not the case, then the length L(γx) =
∫ 1+tx
1
√
1+ g′(t)2 dt would be
bounded. 
Lemma 2.3. There exists M > 0 such that for each c  M and x ∈ K , there exists t ∈ [0,1+ tx) such that f (tx) = c.
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∀x ∈ Sn−1 0 < r  Df (x)x R and 0 <m f (x) M.
The existence of t follows from the unboundedness of f . 
Lemma 2.4. For each c  M, the set
Sc =
{
(x1, . . . , xn, c) ∈Rn+1
∣∣ f (x1, . . . , xn) = c}
is a compact strictly convex (n − 1)-dimensional submanifold in the n-dimensional aﬃne space Pc = {(x1, . . . , xn, xn+1) ∈ Rn+1 |
xn+1 = c}.
Remark. We omit the proof. The strict convexity is due to the strict convexity of the hypersurface.
Lemma 2.5. Let f : K →R be a strictly convex function deﬁned on a convex set K ⊂Rn. Suppose that f has a global minimum point
at the origin. Then there exists a constant Λ, such that the following inequality holds
f (x˜) > Λ‖x˜‖
for points x˜ suﬃciently close to the boundary ∂K .
Proof. There are again two cases. First we consider the case K = Rn . In this case, we can prove it using a straightforward
application of Lemma 2.1 and Lemma 2.3. We take an arbitrary vector x ∈ Sn−1 and consider x˜ = tx with t ∈ [1,∞). Hence
we obtain
f (tx) f (x) + Df (x)(tx− x) ∀x ∈ Sn−1, t ∈ [1,∞).
Now choose Λ satisfying 0 < Λ < r and subtract Λ|tx| from the above inequality to obtain
f (tx) − Λ|t||x| f (x) + Df (x)(t − 1)x− tΛ|x| ∀ tx ∈Rn
= f (x) − Df (x)x+ t{Df (x)x− Λ|x|}
= f (x) − Df (x)x+ t{Df (x)x− Λ}
 f (x) − Df (x)x+ t(r − Λ)
m − R + t(r − Λ).
Letting t → ∞ gives the result.
In the second case, K =Rn . Consider any arbitrary x ∈ K . If the half-line
Lx =
{
tx
∣∣ t ∈ [1,1+ tx)}
has inﬁnite length, we can use the preceding argument to ﬁnd Λ. If, however, tx is ﬁnite, then we argue as follows. The
function g(t) deﬁned over Lx satisﬁes
lim
t→1+tx
g(t) = ∞
hence the curve xn+1 = g(t) intersects the line xn+1(t) = Λt deﬁned over the same domain Lx for some t ∈ [1,1+ tx).
Putting all these together, we obtain the required conclusion by compactness of Sn−1. 
Remark. Geometrically the above lemma implies that all convex function eventually dominate the deﬁning function of any
upward pointing cone C with vertex at the origin.
3. Differential geometric theorems
Theorem 3.1. (See Chen’s theorem [3], see however [4].) Let Mn be a compact n-dimensional submanifold of Rk (k > n). Then we have∫
Mn
|H|n dμn  cn
where cn is the volume of the n-dimensional unit ball.
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implicit k-dimensional hypersurface lying in a (k + 1)-dimensional space, then the mean curvature (w.r.t. the outward pointing unit
normal) is given by
Hk = ∇g ·H(g) · (∇g)
T − |∇g|2 trH(g)
k|∇g|3
whereH(g) represents the Hessian matrix of g.
From this, we have the following result:
Lemma 3.3. Let H be the mean curvature of a strictly convex hypersurface in Rn+1 given by the non-parametric representation
xn+1 = f (x1, . . . , xn)
of a function f deﬁned over a convex domain K with respect to the upward pointing normal. Furthermore, for each c  M, with c  M,
let Hc be the mean curvature of the implicitly deﬁned hypersurface Sc (w.r.t. the inward pointing normal) in Pc deﬁned by
g(x1, x2, . . . , xn+1) = f (x1, . . . , xn) − c = 0.
Then,
|H| = H = −
(∇ f ·H( f ) · (∇ f )T − (|∇ f |2 + 1) trH( f )
n(
√|∇ f |2 + 1 )3
)
,
|Hc| = Hc = −
(∇ f ·H( f ) · (∇ f )T − |∇ f |2 trH( f )
(n − 1)|∇ f |3
)
and for all c  M,
|H|
(
n − 1
n
)(
r√
r2 + 1
)3
|Hc|.
Proof. The ﬁrst two formulas result from straightforward calculations. We only need to prove the inequality. Since for any
vector x it holds that |∇ f (x)| Df (x) x|x|  r, we have
(n − 1)|∇ f |3
n(
√|∇ f |2 + 1 )3 
(
n − 1
n
)(
r√
r2 + 1
)3
.
Therefore,
(
n − 1
n
)(
r√
r2 + 1
)3
|Hc|
∣∣∣∣∇ f ·H( f ) · ∇ f
T − |∇ f |2 trH( f )
n(
√|∇ f |2 + 1 )3
∣∣∣∣
∣∣∣∣∇ f ·H( f ) · ∇ f
T − (|∇ f |2 + 1) trH( f )
n(
√|∇ f |2 + 1 )3
∣∣∣∣
where in the last inequality, we have used the fact that  f > 0 by strict convexity of f away from the supporting point
(which in our case is the origin). 
Notation. Let G = (n−1n )( r√r2+1 )
3 in the following.
Now, we can complete the proof of our main theorem.
Theorem 3.4. Let dμn denote the volume element of the n-dimensional hypersurface Mn deﬁned above. Then we have∫
Mn
|H|n dμn = ∞.
Proof. Since Bunke and Kriele [2] proved the two-dimensional case, it suﬃces to consider the case n 3
∫
Mn
|H|n dμc =
∞∫
M
∫
Sc
|H|n dμc dc
where μc is the volume element of the (n − 1)-dimensional submanifold Sc deﬁned above.
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∫
Sc
|H|n−1 dμc 
(∫
Sc
(|H|n−1)p dμc
)1/p(∫
Sc
dμc
)1/q
(1)
where 1p + 1q = 1, p = nn−1 and q = n. We have
∫
Sc
|H|n dμc 
(
∫
Sc
|H|n−1 dμc)n/n−1
(
∫
Sc
dμc)1/n−1

(
∫
Sc
|G · Hc|n−1 dμc)n/n−1
(
∫
Sc
dμc)1/n−1
.
By Chen’s theorem, we have
∫
Sc
|Hc|n−1μc  cn−1
where cn is the volume of the unit (n − 1)-dimensional unit ball. Hence,
∫
Sc
|H|ndμc  |G|
nc
n
n−1
n
(
∫
Sc
dμc)
1
n−1
.
It remains to estimate the term 1/(
∫
Sc
dμc) from below. Here we have to make use of the fact that Sc is a strictly convex
(n − 1)-dimensional compact manifold. Applying a result convex geometry on the monotonicity of volume of convex sets
(see [13], p. 294, Theorem 6.4.11), we can compare the (n − 1)-dimensional Hausdorff measure of Sc with that of the level
set of the cone C at height c, we have
∫
Sc
dμc  k(1+ c)n−1
for some positive constant k. This yields then
1
(
∫
Sc
dμc)
1
n−1
 1
k
1
n−1 (1+ c)
therefore
∫
Sc
|H|n dμc  |G|
nc
n
n−1
n
(
∫
Sc
dμc)
1
n−1
 |G|
nc
n
n−1
n
k
1
n−1 (1+ c)
which gives the following lower bound for the integral over Mn:
∫
Mn
|H|n dμn  |G|
nc
n
n−1
n
k
1
n−1
∞∫
M
1
(1+ c)dc = ∞. 
Remarks.
(i) We can readily generalize the main theorem to the case when Mn is positively curved outside a compact subset by
replacing Wu’s theorem by a theorem of Alexander and Currier [1] which asserts that each end of such hypersurfaces
is the boundary of a strictly convex set in a half-space.
(ii) In the inequality (1) above, if we choose other suitable values for p, one can readily show the unboundedness of the
integral
∫
Mn |H|n−ε dμn for each ε ∈ [0,1). The remaining case
∫
Mn |H|n−1 dμn follows directly from Chen’s inequality
and the fact that
∫
Mn |H|n−1 dμn =
∫∞
c (
∫
Sc
|H|n−1 dμc)dc.
(iii) The inequality is likely to be sharp, because for convex rotationally symmetric hypersurfaces, it is a straightforward
computation to verify that
∫
M |H|n+ε dμn < ∞ for each ε > 0.
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The above non-existence theorem has the following application, which may be interesting in itself (see [8]):
Corollary 4.1. The prescribed mean curvature equation
∇(|∇u|n−2∇u)= nH(x,u(x))u1 ∧ u2 ∧ · · · ∧ un
deﬁned on Rn does not admit any entire convex solution satisfying H ∈ Ln(Rn) (where x = (x1, x2, . . . , xn) and u(x) = (x, f (x))).
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